Abstract. Inspired by the Odlyzko root discriminant and Golod-Shafarevich p-group bounds, Martinet (1978) asked whether an imaginary quadratic number field K/Q must always have an infinite Hilbert 2-class field tower when the class group of K has 2-rank 4, or equivalently when the discriminant of K has 5 prime factors. No negative results are known. Benjamin (2001 Benjamin ( , 2002 and Sueyoshi (2004 Sueyoshi ( , 2009 Sueyoshi ( , 2010 systematically established infinite 2-towers for many K in question, by casework on the associated Rédei matrices. Others, notably Mouhib (2010), have also made progress, but still many cases remain open, especially when the class group of K has small 4-rank.
Introduction
We first review some notation and background, and then outline our paper in Section 1.4.
1.1. Rank, field inclusion, class group, and Hilbert class field notation. For a prime power p i > 1 and a finitely generated abelian group A, let d p i (A) := dim Fp A p i−1 /A p i < ∞ (which we will often abbreviate as d p i A for convenience) denote the (generalized) p i -rank. For fields F and E, we mean by F ≤ E (or E ≥ F ) the existence of a field embedding F → E.
Given a number field K, let Cl(K) and Cl + (K) denote the wide and narrow (or strict) ideal class groups, respectively. Specifically, let I K denote its group of nonzero fractional ideals, P K the subgroup of principal fractional ideals in I K , and P + K the subgroup of totally positive fractional ideals in P K . Then recall Cl(K) := I K /P K and Cl + (K) := I K /P + K . The notions coincide when K is totally imaginary, but in general, we only know that Cl(K) is the quotient Cl + (K)/[P K /P + K ] of Cl + (K). In particular, if K/Q is quadratic, then [P K : P + K ] equals 1 if and only if K is imaginary or x 2 − ∆ K y 2 = −4 has an integer solution; otherwise it equals 2 (a sufficient, but not necessary, criterion being that ∆ K has a 3 (mod 4) prime divisor). Let K 1 (resp. K 1 + ) be the (resp. narrow ) Hilbert class field of a number field K, i.e. the maximal abelian extension of K unramified everywhere (resp. outside of infinity). The reciprocity law of ray class field theory gives abelian group isomorphisms Gal(K 1 /K) Cl(K) and Gal(K 1 + /K) Cl + (K). Now fix a prime p. Let K 1 (p) ≤ K 1 (resp. K 1 +,(p) ≤ K 1 + ) be the (resp. narrow ) Hilbert p-class field of K, i.e. the maximal abelian p-extension (i.e. Galois extension with Galois group a p-group) of K unramified everywhere (resp. outside of infinity). Then looking at p-primary parts yields Gal(K 1.2. Background: Hilbert class field towers and Golod-Shafarevich. One may iterate the Hilbert class field construction (i.e. K 0 := K and K i+1 := (K i ) 1 for i ≥ 0) to obtain the nth Hilbert class fields K n for n ≥ 0, which together form the Hilbert class field tower (which we will refer to as the p-tower ), with top K ∞ := n≥0 K n . We call the tower finite or infinite according as [
by [45, Proposition 1] , the tower is finite if and only if Cl(L) = 1 for some (not necessarily unramified or Galois) finite extension L/K. We analogously define K n (p) , the p-class field tower, the top K ∞ (p) , and (in)finiteness; here, the p-tower is finite if and only if Cl p (L) = 1 for some finite extension L/K [45, Proposition 2] . In particular, these towers are Galois by the maximality of Hilbert (p-)class fields. (For other properties of class field towers, we refer to Lemmermeyer's survey [30] , Ershov's survey [11] , and Koch's book [25] .) For use in Section 1.3 and Proposition 3.5, we state the following standard result, proved by induction. is a well-defined p-extension of K n (p) ; this "relativization" also preserves unramified-ness (for the nonarchimedean valuations, see e.g. Neukirch's textbook [40, p. 153 , Ch. II, Sec. 7, Proposition 7.2]).
In the 1960s, Golod and Shafarevich gave a sufficient criterion-the contrapositive of the following theorem-for the infinitude of p-towers. Theorem 1.2 (Vinberg/Gaschütz refinement of the Golod-Shafarevich inequality [14] ; see [45] ). Fix a number field K and a prime p. Suppose K has finite p-tower. Then d p Cl(K) < 2 + 2 1 + d p O but finite p-class field tower for all primes p, these examples still depend on a closely related q-class field tower being infinite for some prime q.)
It directly follows from Theorem 1.2 that the 2-tower is infinite for any imaginary quadratic number field K with d 2 Cl(K) ≥ 5. Martinet [36] (1978) , inspired by the Odlyzko [42] (1976) root discriminant bounds, asked whether the same holds when d 2 Cl(K) = 4, or equivalently when K has 5 ramified primes, i.e. the discriminant ∆ K factors into 5 prime discriminants p * (reviewed in Section 2 along with 2-ranks and genus theory).
1.3. Previous progress on Martinet's question. No negative results are known. Currently, all of the best (positive) results on Martinet's question, to the author's knowledge, stem from applications of the Golod-Shafarevich bound to unramified 2-extensions of K, combined with genus theory bounds. The point is that K = Q( √ d) has infinite 2-tower if (and only if) there exists a number field L/Q satisfying both of the following conditions.
(1) The well-defined compositum KL = L( √ d) has infinite 2-tower. This is guaranteedin view of Corollary 2.2 (below) on relative genus theory-by Theorem 1.
The second condition is guaranteed, for instance, when KL/K is an everywhere unramified 2-extension-or equivalently (by solvability of 2-extensions), when KL/K is Galois (certainly guaranteed if L/Q is Galois) and L ≤ K ∞ (2) . To our knowledge, all of the best results on Martinet's question choose Galois subfields L/Q of K ∞ (2) /K, so it might be fruitful to look at different choices of L.
These observations immediately lead to the extended criterion Proposition 3.1 (below) for infinite 2-towers. We are not aware of any particularly usable improvements, but we speculate some in Section 6. We now summarize the best previous (positive) results, in terms of the choice of L in Proposition 3.1.
• Mouhib [38] (2010), improving on Sueyoshi [48] (2004), gave a uniformly positive answer to Martinet's question when ∆ K = p * 1 · · · p * 5 (with p * as defined in Section 2) has exactly 1 negative prime discriminant. Say p * 5 < 0; then Mouhib took L to be-with modifications in some cases-the well-defined decomposition field of p 5 in the elementary abelian 2-extension Q(
However, it seems difficult to extend the technique-which relies on the total realness of L-to the cases of 3 or 5 negative prime discriminants. Recall that one may also categorize quadratic number fields by the Rédei matrix (see Section 2.2), motivated by the fact that a rational prime p unramified in Q( Table 1 ] for details)-especially for small d 4 Cl(K). However, there seems to be more room for exploration. For example, in this paper we focus on Schmithals' idea [46] (1980) of looking at L = F 1 (2) for a quadratic field F -see Proposition 3.5 below-motivated by the decomposition law of class field theory. Recently, by taking F with 4 prime discriminants (see [3, Lemma 9 ]-where the preceding text "K is the compositum of k 1 and F " should instead be "K is the compositum of k and F 1 ", and F should be specified to satisfy "d F | d k so that K/k is unramified"-and the more specific applications [3, Lemmas 10 and 11] , where to correct a sign error it should say "Q( √ −5.11.401)" in the second listing of k in [3, Remark 6]), Benjamin [3] (2015) established infinite 2-towers in certain sub-cases of several of these open matrix cases with d 4 Cl(K) ∈ {1, 2}, and explained in particular the failure of his methods for d 4 Cl(K) = 0.
1.4. Outline of paper. In contrast to Benjamin [3] , we take F (in Proposition 3.5) with 3 or 2 prime discriminants to make some progress when d 4 Cl(K) ∈ {0, 2}, in the hopes of identifying some of the "most difficult" remaining cases of Martinet's question. Specifically, we give some new results in Section 3, and present our concrete applications to open Rédei matrices in Section 4. This provides affirmative answers to Benjamin's questions [3, Questions 1, 2, and 5] on the existence of new (to the best of our knowledge) imaginary quadratic number fields K with d 2 Cl(K) = 4 and d 4 Cl(K) ∈ {0, 2}. Remark 1.4. In private correspondence, Benjamin informed us that [3, Question 5] has minor typos; the correct version is "Do there exist new imaginary quadratic number fields k with rank C k,2 = 4 that have infinite 2-class field tower in the case when the 4-rank of C k is 0. . . ?" with a remark that "such new fields do not satisfy [3, Lemma 10] ." Also, "Lemma 11" in [3, Question 4] should be replaced with "Lemma 10".
Our attempts at applying the decomposition law (Proposition 3.3) to Proposition 3.5 naturally lead to Section 5, where we investigate barriers to our methods-specifically, "insufficient" prime splitting in 2-class fields-and establish them as consequences of the "classical principal genus theorem" over Q. We also ask an extension question (of independent interest) in this direction.
Section 2 reviews, in particular, the usual relative genus theory estimates on 2-ranks of class groups, with an additional remark (Remark 2.3) on potentially helpful additional information from the ambiguous class number formula. Section 6 discusses further possible research directions.
2. Background: prime discriminants, 2-class groups, and genus theory Experts can quickly skim this section for notation and review of prime discriminants, genus theory, and Rédei matrices.
Recall that for any quadratic number field K with discriminant ∆ K (so that K = Q( √ ∆ K )) and t (finite) ramified primes, we have a unique factorization ∆ K = p * 1 · · · p * t into t pairwise coprime prime (power) discriminants p * i (defined so that 2 * ∈ {+8, −8, −4} and p * = (−1) (p−1)/2 p ≡ 1 (mod 4) for odd primes p). By Gauss' principal genus theorem, the 2-ranks of the narrow and wide class groups are simply d 2 Cl [10] ). If L/K is cyclic, then we have the ambiguous class number formula
, where the product of ramification indices e v runs over all finite and infinite places v of K.
Side Remark 2.1 (Resemblance with genus class number formula). We have the short exact 
. This is close to the genus class number formula going back to Gauss, Hilbert, and Furtwängler, which holds for all abelian extensions L/K-see Lemmermeyer's survey [30, p. 11] .
We would want to show that for any
We do not know the precise origins of the following classical 2-rank estimates. If L/K is cyclic with Galois group G, consider the norm map φ :
is an elementary abelian 2-group, so one obtains the following result. 
where ram(L/K) denotes the number of finite or infinite primes of K ramified in L. Furthermore, (ker φ
, where Cl(L/K) := ker φ denotes the relative class group. In particular, if h K is odd, i.e.
and equality holds everywhere in the inequality (1); when K = Q we recover the classical formula for d 2 Cl(Q( √ ∆)). 
Proof of general injection. An invariant ideal class
is an elementary abelian 2-group, so its subgroup ker ψ is also elementary, and we
and the fact that e v ∈ {1, 2} for all v) prove Inequality (1) .
For the second part,
Proof of specialization to [L : K] = 2 and h K odd, including equality of Inequality
G , so equality indeed holds everywhere in Inequality (1).
Rédei matrices and 4-ranks.
Definition 2.4 (Cf. Rédei [44] ; Rédei-Reichardt [43] ). For a quadratic number field K with prime discriminant factorization
(up to re-labeling of the p * i ) with (−1)
) when i = j, and
) (so that the row vectors sum to 0 ∈ F t 2 ). Here ( * * ) denotes the Kronecker (not Legendre) symbol, so that a ij = 0 if and only if p j splits in the quadratic field
Remark 2.5. In this paper we will often draw Rédei matrices without the diagonal entries, which can be recovered by the fact that column sums are 0.
Side Remark 2.4 (Relevant version of quadratic reciprocity). For our purposes, if p * , q * are prime discriminants with p, q distinct, then (
* , q * < 0 are both negative and not equal to −4; and (
) if at least one of p * , q * is positive, and neither equals −4.
If, say, q * = −4, then p is odd and it is easiest just to directly compute (
Theorem 2.6 (4-rank of narrow class group; cf. Rédei [44] ; Rédei-Reichardt criterion [43] ). Let K/Q be a quadratic number field with t rational primes dividing
For the connection between 4-rank and C 4 -splitting/factorizations of ∆ K , and related matters, see e.g. Lemmermeyer [30, 28, 29] , Hurrelbrink [20] , and Hajir [16, 17] . In a different direction, Waterhouse [51] gave an 8-rank criterion (see also Hasse [18] and Lu [34] ), and Kolster [27] gave a criterion for all powers of 2. Yue [52] generalized the Rédei-Reichardt 4-rank criterion to relative quadratic extensions over a base field with odd class number.
Key lemmas
We start by reviewing some background, but refer the reader to Section 3.2 for concrete new results, which we will apply to some open sub-cases of Martinet's question in Section 4.
and KL is always totally imaginary.
• By Corollary 2.2 applied to the relative quadratic extension KL/L, we have
Applying Theorem 1.2 to KL now yields the following main idea of most relevant papers.
Proposition 3.1 (Cf. [36] , [46] , and [47] ). With notation as above, the field KL, and thus K by extension, has an infinite 2-tower if any of the following criteria hold:
coming from ramification at the infinite places of L). Schmithals [46] (1980) introduced the idea (Proposition 3.5) of looking at L = F 1 (2) for a (quadratic) field F . The motivation comes from the decomposition law of class field theory; we will use the following particular 2-extension version. 
where the sum runs over the primes p of
Remark 3.4 (See [46] ). If a rational prime p is inert in F/Q, then (perhaps surprisingly) we still have lots of splitting in L/Q: the prime ideal pO F is principal, hence totally split in L/F (in fact, also in the extension F 1 /F ). In fact, from a "random Rédei matrix" perspective (when F is quadratic), it is harder to guarantee lots of splitting in L/Q when p splits in F/Q, as discussed in Section 5.
Side Remark 3.2. There is an analogous decomposition law for narrow Hilbert class fields (and ray class fields in general), presented for instance in Neukirch's textook [40, p. 409, Ch. VI, Sec. 6, Theorem 7.3] and http://math.stackexchange.com/a/1264488/43100. Proposition 3.5 (2-class field idea, cf. Schmithals [46] (1980) and Schoof [47] (1986)). Let K/Q be an imaginary quadratic field extension with
F ] = 2|Cl 2 (F )|, the field K has an infinite 2-tower if any of the following criteria hold:
Side Remark 3.3. When F/Q is Galois, the maximality of
Side Remark 3.4 (Relaxing to more general unramified solvable towers). If instead of strictly looking at 2-towers, one allows a few "steps" to be unramified, then it could turn out to be much easier to get uniform results on infinitude of class field towers. For instance, following Schoof [47] , one could take
1 is a tower of totally real fields-but one can then check that L becomes totally imaginary (in which case the criterion is stricter, due to lack of archimedean ramification). [51] , one could in principle obtain a criterion for |Cl 2 (F )| ≥ 16. Remark 3.8. In view of the group-theoretic success in (for instance) Koch [23] , Maire [35] , and Benjamin-Lemmermeyer-Snyder [4] , it could potentially be enlightening to analyze the "near miss" or "borderline" cases Cl 2 (F ) (2, 4) or Cl 2 (F ) (2, 8) .
Example 3.9. For the reader's convenience, we now list our attempts at using Lemma 3.6, with the first column detailing the number of negative prime discriminants among * 3 , * 4 , * 5 in the application of Lemma 3.6(2), and whether −4 ∈ { *
Proof of Lemma 3.6(2). L/Q is totally imaginary, so by Proposition 3.5 it suffices to check
Since 1 , 2 are inert in F/Q, the decomposition law (specifically, the inert trick of Remark [39] ), who took F = Q( (+5)(+461))-with class number 16-to show that Q( (+5)(−11)(+461)), an imaginary quadratic field with 2-class group C 4 ⊕ C 2 , has infinite 2-tower. (
(2) from Proposition 3.5 are totally real.
Example 3.12. When Lemma 3.11(2) fails, it is natural to ask (assuming K has infinite 2-tower) where the failure comes from: Golod-Shafarevich, or the genus theory input? For instance, take K = Q( (−7)(−3)(−8)(+29)(+5)), which has an open Rédei matrix
(For partial positive progress on matrix 49, see Theorem 4.17.) Here F := Q( (+29)(+5)) has class number 4 (as well as narrow class number 4), so its Hilbert 2-class field L := F 1 (2) = F 1 coincides with its Hilbert class field, which can be computed in SAGE. The genus theory input gives a lower bound
-here 7 is inert in F/Q, and then splits completely into 4 primes in L/F , while 3, 2 split into 2 primes in F/Q and then stay inert in L/F , due to Theorem 5.3. In fact, here the bound is tight: the class group Cl(KL) has cyclic direct sum decomposition (336, 336, 4, 4, 2, 2, 2) (under the proof=False flag in SAGE, i.e. assuming GRH for a reasonable run-time), so 2-rank exactly 7, which is just shy of the 2 + 2 √ 8 + 1 = 8 needed for Golod-Shafarevich. But Golod-Shafarevich doesn't take into account the 4-rank of 4, or the 8-and 16-ranks of 2, so it would be nice to have a strengthening incorporating such data; see Question 6.1 for further speculation. Here is the output from SAGE.
Number Field in d with defining polynomial x^2 -145
Class group of order 4 with structure C4 of Number Field in d with defining polynomial x^2 -145 Multiplicative Abelian group isomorphic to C4 Number Field in a with defining polynomial x^4 -6* x^2 -5* x -1 over its base field Class group of order 1 of Number Field in a with defining polynomial x^4 -6* x^2 -5* x -1 over its base field Trivial Abelian group Number Field in v with defining polynomial x^16 + 193696* x^14 + 20* x^13 + 16471863912* x^12 + 968240* x^11 + 803220850771478* x^10 -61753673800* x^9 + 24564405504767344470* x^8 -5925738645060300* x^7 + 482450842595634923493592* x^6 -178917857880265611700* x^5 + 5942613705132902419583139177* x^4 -2412654792740884887465160* x^3 + 4 1 9 72919293354024066614415135974* x^2 -1 23 87969691342454354951827720* x + 1 3 0 1 54117938 77445659 594967542 7812841
Class group of order 14450688 with structure C336 x C336 x C4 x C4 x C2 x C2 x C2 of Number Field in u with defining polynomial x^2 + 24360 over its base field Remark 3.13. Recall that whether |Cl Remark 3.14. In view of the group-theoretic success in (for instance) Koch [23] , Maire [35] , and Benjamin-Lemmermeyer-Snyder [4] , it could potentially be enlightening to analyze the "near miss" or "borderline" cases Cl 2 (F ) C 2 and Cl 2 (F ) C 4 . Proof of Lemma 3.11 (2) . L/Q is totally real, so by Proposition 3. verifies the desired criterion when |Cl 2 (F )| ≥ 8. Proof of Lemma 3.16 (2) . L/Q is totally imaginary, so by Proposition 3.5 it suffices to check 
Proof of Lemma 3.11(3). L/Q is totally real, so by Proposition 3.5 it suffices to check #{℘
verifies the desired criterion when |Cl 2 (F )| ≥ 16. 
Proof of Lemma 3.16(3). L/Q is totally imaginary, so by Proposition 3.5 it suffices to
verifies the desired criterion when |Cl 2 (F )| ≥ 4.
Application to Martinet's question
We now apply the lemmas from Section 3.2 to several sub-cases of open Rédei matrices R K of rank 2 or 4 (corresponding by Rédei-Reichardt to d 4 Cl(K) = 2 or d 4 Cl(K) = 0, respectively). We will use the labeling of Rédei matrices from Sueyoshi [49, 50] and Benjamin [3] . In this section, we often write Rédei matrices without the diagonal entries, which can be recovered by the fact that column sums are 0. 
, where α := a 45 = a 54 ), so by Gauss' genus theory, Cl 2 (F ) C 2 ⊕ C 2 n for some n ≥ 2. By Lemma 3.6(2), K has infinite 2-tower if |Cl 2 (F )| ≥ 16, i.e. n ≥ 3, holds.
Remark 4.2. In the remaining case Cl 2 (F ) C 2 ⊕ C 4 (for family D 2 ), it is plausible that group-theoretic methods could give helpful additional structure for the 2-tower of K. Remark 4.4. We have made progress on A (Theorem 4.6) but not B, which "looks harder" to us. Note that B is a circulant matrix, so it is certainly harder to exploit any asymmetries. 
), so by Gauss' genus theory, Cl 2 (F ) C 2 ⊕ C 2 n for some n ≥ 2. By Lemma 3.6(2), K has infinite 2-tower if |Cl 2 (F )| ≥ 16, i.e. n ≥ 3, holds.
Remark 4.7. In the remaining case Cl 2 (F ) C 2 ⊕ C 4 (for matrix A), it is plausible that group-theoretic methods could give helpful additional structure for the 2-tower of K. These three cases are not mutually exclusive, but for any K with R K = C, at least one will apply, since it is impossible to have a u1 + a v1 = 1 in F 2 for all pairs u, v ∈ {2, 3, 4}.
In each case, F is imaginary, so Cl(F ) = Cl + (F ) has 4-rank (3 − 1) − 1 = 1 by Rédei-Reichardt, and thus Cl 2 (F ) C 2 ⊕ C 2 n for some n ≥ 2. By Lemma 3.6(2), K has infinite 2-tower if |Cl 2 (F )| ≥ 16, i.e. n ≥ 3, holds in any of the three cases applying to K. ), so Cl 2 (F ) C 2 ⊕ C 2 n for some n ≥ 2. By Lemma 3.6(2), K has infinite 2-tower if |Cl 2 (F )| ≥ 16, i.e. n ≥ 3, holds. Theorem 4.17 (Progress on matrices 34a and 49). Suppose R K ∈ {#34a, #49}, and set
is cyclic of order either 2 n or 2 n−1 ). By Lemma 3.11 (2) , K has infinite 2-tower if |Cl 2 (F )| ≥ 8 holds. 
Example 4.21 (An infinite family with R K = #32). Fix n ≥ 1. Dominguez-Miller-Wong [9] prove that any imaginary quadratic field E = Q( (−q 3 )(+q 5 )) with q 3 ≡ 3 (mod 8), q 5 ≡ 5 (mod 8), and q 5 + q 3 = 4(2M 2 ) 2 n−1 for some odd integer M has 2-class group exactly Cl 2 (F ) C 2 n , and also that there are infinitely many such quadratic fields E [9, Theorem 3.1]. For such E we easily check that R E = (
0 0 ] has rank 0, and F is imaginary, so Cl(F ) = Cl + (F ) has 4-rank (2 − 1) − 0 = 1 by Rédei-Reichardt, and thus Cl 2 (F ) C 2 n for some n ≥ 2. By Lemma 3.16(3), K has infinite 2-tower if p 1 splits completely in L := F ), so Cl 2 (F ) C 2 ⊕ C 2 n for some n ≥ 2. By Lemma 3.6(2), K has infinite 2-tower if |Cl 2 (F )| ≥ 16, i.e. n ≥ 3, holds. × that is a local norm (or norm residue) at all (finite and infinite) ramified primes in K/Q. Remark 5.2. Dominguez, Miller, and Wong [9] similarly used Hasse's "fundamental criterion" [18, p. 345 ] to prove the infinitude of imaginary quadratic fields K with cyclic 2-class groups C 2 n for any n ≥ 1, and Lopez [33] extended their method to 2-class groups C 2 ⊕C 2 n for n ≥ 1. Recall that these results give a wealth of examples in Examples 4.21 and 4.14, respectively.
We now fully work out two specific applications, originally motivated by some SAGE tests based on attempts at modifying Lemmas 3.11 (for a concrete example see Example 3.12) and 3.6. choice = ±1 and t i ∈ F 2 ) a local norm at all four ramified primes ∞, 1 )) ∈ {(+1, −1, −1), (−1, +1, −1)}, as desired.
We now raise a natural extension question of independent interest.
Question 5.5. Let F/Q be a quadratic field with prime discriminant factorization ∆ F = * 1 · · · * t , with t ≥ 1. Take a rational prime p ∆ F , and any prime p | p in F . Then is it true that the condition "the ideal class [p] has order divisible by the largest possible 2-power order in Cl(F )" depends only on the prime discriminants * 1 , . . . , * t and the Kronecker symbols ( * i p ) for 1 ≤ i ≤ t? What if we work with the narrow class group Cl + (F ) instead of Cl(F )? If this is false, is there an interesting correct statement along these lines? Remark 5.6. The methods from Theorems 5.3 and 5.4 only apply when the 2-class group Cl 2 (F ) is a direct sum of finitely many copies of C 2 and C 2 n , for some n ≥ 1, and the 2-torsion Cl(F ) [2] is generated by the ideal classes of the ramified primes in F/Q. In this special case, the order divisibility condition in question actually only depends on the Kronecker symbols ( * i j ) and ( * i p ) for distinct indices i, j ∈ {1, . . . , t}. However, based on SAGE data (not assuming any conjectures such as GRH), this stronger correspondence does not hold in general; for example, take F with t = 4 and ( which have been incorporated into this version of the paper. The author would also like to thank Yutaka Sueyoshi [49, 50] and Elliot Benjamin [3] for their thorough analysis of Rédei matrices (in some sense identifying the "hardest cases" remaining), and Franz Lemmermeyer for his excellent surveys and expositions on a wide variety of class field theory topics and his English translation of [23] . Finally, the author thanks SageMathCloud and SageMathCell for enabling class group computations, Google Scholar 'allintitle: 2-class group' for the serendipitous pointers to [9] and [33] , and Overleaf for speeding up the writing process.
